Measuring the complex dielectric function ε(ω) = ε 1 + iε 2 of solidstate samples in the terahertz frequency range with high spectral resolution remains difficult. Using a continuous-wave terahertz spectrometer based on photomixing in the frequency range from 60 GHz to 1.8 THz, we obtain the most precise data of ε(ω) reported to date for the well-studied example of α-lactose monohydrate. We are able to determine both ε 1 and ε 2 due to coherent detection and show that the results are Kramers-Kronig consistent. Our analysis is based on scanning an interference pattern in frequency and relies on the high spectral resolution in the MHz range. This enables us to avoid mechanically moving parts such as a delay stage. Moreover, we show that the optical data can be used to determine both ε(ω) and the sample thickness d independently.
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Introduction
Spectroscopy in the terahertz frequency range has developed rapidly in recent years. In particular, terahertz time-domain spectroscopy has become a common tool. The alternative of measuring in the frequency domain with a continuous-wave technique offers the advantages of frequency selectivity and a much higher frequency resolution [1, 2] . Typical linewidths in solid-state samples are of the order of several tens of GHz or broader; thus a spectral resolution of a few GHz is usually sufficient. However, a central problem for solid-state spectroscopy is that both the real and the imaginary part of the complex dielectric function ε(ω) = ε 1 + iε 2 or, equivalently, of the complex refractive index n + ik have to be determined reliably, e.g. by measuring both the amplitude and the phase of the terahertz radiation. In the frequency domain, very high frequency stability and spectral resolution offer the possibility of determining the phase accurately without any mechanically moving parts (see below). Technically, achieving a high resolution in combination with a broad frequency range is particularly demanding.
One method of generating continuous-wave (cw) terahertz radiation is optical heterodyne conversion or photomixing: the combined output of two lasers illuminates a photoconductive switch integrated into an antenna structure [3] . Applying a bias voltage then leads to the emission of electromagnetic radiation from the antenna at the difference frequency of the two lasers.
Determination of the phase requires a coherent detection scheme, using e.g. a second photomixer as a detector [4] . This second photomixer is illuminated simultaneously by the terahertz beam and by the same two-frequency laser source as the first photomixer. The resulting photocurrent I ph ∝ E THz cos( ϕ) depends both on the amplitude of the terahertz electric field E THz and on the phase difference ϕ between the terahertz radiation and the laser beat signal.
Varying the phase difference ϕ with a variable delay stage [5] is one possibility for determining both amplitude and phase for a given frequency. Such a mechanical modulation of the terahertz path is rather slow and the optical data may deteriorate, e.g. due to standing waves or if the terahertz beam is not perfectly collimated. As an alternative, the terahertz phase can be controlled via electro-optical modulation of the phase of one of the two lasers [6, 7] . However, the laser wavelength is orders of magnitude smaller than the terahertz wavelength; therefore this technique is much more sensitive to e.g. thermal drifts of the optical path length.
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By contrast, our analysis is based on scanning an interference pattern in frequency, exploiting the fact that the period of the interference pattern can be chosen to be much smaller than even the most narrow lines in a solid-state sample. Here, we show that this approach is very well suited for solid-state spectroscopy, yielding precise and reliable values of both ε 1 (ω) and ε 2 (ω) without making use of any mechanically moving parts.
The determination of the refractive index n of a solid-state sample based on photomixing and coherent detection has been reported for fused silica [8] and teflon [9] , but in both cases n has been determined only for a few distinct frequencies, and the analysis employed a variable delay stage. A comparison of scanning the frequency for a fixed delay versus scanning the delay for a fixed frequency has been reported by Mouret et al [10] more recently. However, they used the former technique only to measure the thickness d of a sample for a given value of the refractive index n. Here, we show that the optical data suffices to determine both n(ω) and d independently.
We have chosen α-lactose monohydrate (C 12 H 22 O 11 ) as an example because it displays a series of narrow absorption lines in the terahertz range, which have been studied in the literature using different techniques, both in the time domain and in the frequency domain [11] - [18] . These reports partly disagree with each other on the center frequency and on the linewidth. Our results on ε 1 and ε 2 are described very well by a Drude-Lorentz model; thus they are Kramers-Kronig consistent with one other.
Experimental setup
Our cw terahertz spectrometer employs two distributed-feedback diode lasers, which are tunable around 853 and 855 nm, respectively. Using interferometric frequency control, the setup achieves both a spectral resolution and a long-term frequency stability on the MHz level [5] . It thus offers adequate conditions for the precise determination of the phase. The upper limit of the difference frequency is obtained by cooling the first laser diode close to 0 • C while heating the second one to 50 • C, reaching the limits of the mode-hop-free tuning range. The laser beat can thus be varied continuously from 0 to 1.8 THz. The low-frequency limit of the spectrometer of about 60 GHz is set by the photomixers and by problems in the analysis arising due to standing waves (see below). The superimposed laser beams are fed into a tapered amplifier (Toptica BoosTA 850). This semiconductor amplifier serves to amplify the two-color laser light while maintaining the spectral properties, in particular the linewidth and tunability. An input power of 40 mW is amplified to a free-space output of above 500 mW. After 60 dB optical isolation and coupling into a fiber-optical 50:50 splitter, we still obtain 100 mW power at each of the two fiber outputs. These outputs are connected to the fiber-pigtailed photomixers, i.e. to the terahertz source and detector, respectively (see figure 1 ).
We use a new generation of terahertz sources and detectors that are made up of high-energy ion-implanted GaAs interdigitated photomixers with a mixing area of about 9 × 9 µm 2 [19] . In comparison to low-temperature-grown GaAs, the advantage of ion implantation is that it yields a highly reproducible photoconductive material. The photomixers are integrated within self-complementary log-periodic spiral broadband antennae with three turns. The design is chosen to obtain a nearly constant antenna impedance in the frequency range above about 100 GHz. In order to suppress back-reflections and for pre-collimation, the terahertz radiation is coupled to free space via a hyperhemispherical silicon lens. The residual beam divergence is <10 • full-width at half-maximum (FWHM). The emitted terahertz radiation is collimated and then focused onto the detector by two off-axis parabolic mirrors (focal length f = 75 mm; see figure 1 ). The sample is placed on an aperture in the collimated beam.
The photocurrent in the detector is smaller than 1 µA, and in the vicinity of an absorption band of the sample or in the case of destructive interference (see below) the photocurrent may become as small as the noise level of about 4 pA. Therefore, the signal is pre-amplified by a transimpedance amplifier and we use a lock-in technique. Modulation of the bias voltage of the source photomixer (U AC ∼10 V, modulation frequency up to 10 kHz) and lock-in detection of the pre-amplified signal of the second photomixer are realized by a digital lock-in module (Toptica TeraControl 110) 5 based on a field-programmable gate array (FPGA).
Signal-to-noise performance
The power P THz of the terahertz radiation and the detected photocurrent I ph in the receiver photomixer are related by P THz ∝ I 2 ph . Thus the dynamic range in dB equals 20 log 10 (I ph /I noise ), where I noise denotes the noise photocurrent measured with a blocked terahertz beam, and I ph refers to a measurement without a sample. With a modulation frequency of around 5 kHz, we measure I noise ≈ 4 pA independent of the terahertz frequency. The lock-in averaging time used here is 300 ms and the data acquisition rate, considering some software overlap, is around 3 Hz. As far as the signal is concerned, the detected photocurrent I ph varies with frequency due to the photomixer efficiency. We obtain I ph > 100 nA at 100 GHz and I ph 0.5 nA at 1.8 THz. We thus achieve a dynamic range of up to ∼90 dB at 100 GHz and ∼40 dB at 1.8 THz. The frequency dependence is plotted in figure 2 ; it clearly demonstrates the suitability of our setup for spectroscopy, showing distinctive narrow absorption features due to water vapor in the terahertz beam. [20] . Inset: some absorption lines on an enlarged scale.
Data analysis
The detected photocurrent I ph depends on the amplitude of the terahertz electric field, E THz , and on the phase difference ϕ between the terahertz wave and the laser beat signal:
where ν denotes the terahertz frequency, c is the speed of light, and
is the difference between the optical path L D traveled by the laser beat to the detector, on the one hand, and the optical path L S of the laser beat to the terahertz source plus the terahertz path L THz from the source to the detector, on the other. One possible way to separate the amplitude and phase of the terahertz signal for any given frequency is to vary L THz and thus L with the help of a variable delay stage [5] , [8] - [10] . Alternatively, the phase difference ϕ can be varied by scanning the terahertz frequency ν, which has the significant advantages of avoiding any mechanically moving parts and of a much higher scanning rate (up to 10 Hz, depending on the selected lock-in time, but limited by software overlap). In this case, the detected photocurrent I ph oscillates with frequency (see figure 3 ), and the oscillation period is set by the choice of L.
For the case of the reference measurement without a sample, the terahertz beam travels through air with a refractive index of n air ≈ 1 independent of frequency; thus L ref = const, and the 
where L ref denotes the optical path difference (see equation (2)) in the case of the reference measurement. This interference pattern can also be used as a precise test or reference for the actual terahertz frequency. In comparison to the reference measurement, the sample with refractive index n and thickness d changes the terahertz path L THz by (n − n air )d, where we have assumed that the light passes the sample only once, i.e. neglecting multiple reflections within the sample. The sample thus shifts the interference pattern. As an example, figure 3 shows the detected photocurrent in the frequency range just above one of the absorption lines of lactose. This plot clearly demonstrates how the interference pattern of the sample data shifts with respect to the reference data from out-of-phase at 540 GHz to in-phase at 580 GHz. The phase information can be gained most accurately from both the extrema and the zero crossings of I ph , yielding a frequency resolution of the phase data of 1/4 period of the interference pattern, i.e. c/(4 × L). Thus the spectral resolution of the phase can be adapted easily by varying the optical path difference L (see equation (2)). An enhancement of the spectral resolution, however, requires a larger density of data points, which increases the total measurement time.
An interference maximum of order m occurs for L = m × c/ν. Comparing reference and sample data, the refractive index can be calculated according to 7 where ν ref max,m and ν sam max,m denote the frequencies of the maxima of order m of the reference and the sample measurement, respectively. In the following, we assume n air = 1. In the case of the reference data, determination of the order m is straightforward because the maxima are equally spaced in frequency, see equation (3) . Owing to the frequency dependence of n, the order of the maxima may be ambiguous in the sample data if only a narrow frequency range is explored. However, analyzing the broad frequency range accessible to our spectrometer, the possible ambiguity can be easily removed. Finally, determination of the absolute value of n requires knowledge of the sample thickness d, which can be obtained independently from the measured amplitude (see below).
We emphasize that the refractive index n(ω) can in principle be determined entirely independently of possible fluctuations of the intensity if the zero crossings of I ph are used for the determination of the phase. The central prerequisite for a precise determination of n(ω) is the stability of the frequency.
In addition to changing the optical path length, the sample partly absorbs the terahertz light, according to its extinction coefficient k(ω). The transmittance T (ω) can be determined by comparing the envelopes of the sample data and of the reference data,
where I sam ph and I ref ph denote the detected photocurrents of the sample and reference data at the extrema of the respective interference patterns (the sample data are interpolated on the equally spaced frequency grid of the extrema of the reference data). Using only the extrema, the effective frequency resolution for the amplitude is c/(2 × L), e.g. 0.5 GHz for L = 0.3 m, well beyond the typical requirements for solid-state spectroscopy.
In contrast to the predictions of equation (1), the reference data show deviations from a perfect cosine, see figure 3 . These deviations are mainly caused by standing waves within the setup, but absorption of e.g. water vapor also has to be considered. Standing waves originate from multiple reflections, e.g. within the Si lenses of the photomixers, yielding a modulation period of several GHz. If the sample and reference are compared at exactly the same frequency, i.e. if the extrema of order m of the reference data and order m of the sample data coincide, ν ref max,m = ν sam max,m , the effect of the parasitic modulations cancels out in the transmittance spectrum. However, if the positions of the extrema differ between the sample and reference scans, then the parasitic modulation diminishes the accuracy of the transmittance data. This effect can be reduced by choosing a smaller period for the interference pattern.
Some of the standing waves are influenced or caused by the sample itself, e.g. standing waves between the terahertz source and the terahertz detector or between one of the photomixers and the sample. These do not cancel out when the sample and reference are compared. Finally, there can be standing waves within the sample itself. These can be used to determine the refractive index n and the sample thickness d independently, as discussed in the following paragraph.
α-Lactose monohydrate
As a test sample, we utilized commercially available α-lactose monohydrate powder, which we compressed to pellets of 1.3 cm diameter with parallel surfaces by applying a pressure of about 5 kbar for 1 min. The samples were placed on an aperture with 1 cm diameter, and we used the empty aperture for reference measurements. This normalization eliminated the signatures of water vapor present in the raw data. The transmittance of a pellet with a thickness of d = (0.98 ± 0.01) mm is depicted in figure 4 . The data are shown only up to 1.6 THz due to the strong absorption lines of water vapor located between 1.6 and 1.8 THz (see figure 2 ). Due to the large dynamic range of the spectrometer, the terahertz signal can be detected and analyzed even in the transmittance minimum at about 0.53 THz, see figure 5 . The stronger absorption feature at 1.37 THz shows a still lower transmittance, see the inset of figure 4. In this case, our analysis yields reliable values of T down to 10 −5 , in excellent agreement with the dynamic range of about 50 dB at 1.4 THz given in figure 2 . The lactose samples are pellets with near-parallel surfaces. Therefore, multiple reflections of the terahertz wave within the sample give rise to standing waves or Fabry-Perot interference fringes with maxima of order m located at
In the transmittance spectrum shown in figure 4 , the maxima can be observed up to m = 13. We find, e.g., ν 10 = 857 ± 4 GHz; thus the optical thickness n × d is known with an accuracy of ∼0.5 %. In combination with the knowledge of (n − n air )d derived from the phase (see equation (4)), this allows us to determine the refractive index n directly from the optical data, without any further knowledge regarding d. The resulting frequency dependence of n(ω) is shown in figure 6 . The typical line shape in the vicinity of an absorption feature is very well resolved even for the weak band at 1.195 THz. The additional small oscillations observed up to frequencies of about 1 THz are artifacts from the analysis based on equation (4), which assumes that the terahertz beam passes the sample only once, neglecting multiple reflections. These oscillations have the same period as the Fabry-Perot fringes observed in the transmittance, and they are observed in the same frequency range. The effective thickness of the sample depends on the angle between the sample surface and the direction of propagation. In this case, the sample is placed in the collimated beam with the beam direction perpendicular to the sample surface. A finite angle of incidence would result in a slightly larger effective sample thickness. A not perfectly collimated beam (focused or divergent) can be taken into account by a thickness spread in equation (6) . However, in our setup the divergence is less than 10 • FWHM and therefore the effect on the thickness or equivalently on the refractive index is 1%, i.e. comparable to the accuracy given above. We have fitted the transmittance using the Drude-Lorentz model (see below). Allowing for a finite thickness spread did not improve the quality of the fit.
Below about 200 GHz, the error of both T (ω) and n(ω) increases, which is due to the enhanced importance of standing waves for large wavelengths. With the knowledge of the transmittance T and the refractive index n, we can calculate the extinction coefficient k (for n k) by inverting (see e.g. [21] )
with the absorption coefficient α = 2 kω/c, and the reflectance
Finally, the dielectric function is obtained from
The final result for ε 1 (ω) and ε 2 (ω) is plotted in figure 7 . As discussed above for n(ω), the three absorption lines are very well resolved, whereas the additional small oscillations in ε 1 (ω) are artifacts of our analysis. Alternatively, one can obtain ε 1 (ω) and ε 2 (ω) by fitting n(ω) and T (ω) using a model dielectric function such as the Drude-Lorentz model
where ν i , ν p,i and γ i denote the center frequency, plasma frequency and the linewidth of the ith oscillator, respectively, and ε ∞ represents contributions from absorption features at high frequencies.
The result of the simultaneous fit of n(ω) and T (ω) is shown in figures 4-7. All quantities are described very well, which clearly demonstrates the Kramers-Kronig consistency of our results. The logarithmic plot of T (ω) in figure 5 nicely shows that the absorption feature at 0.53 THz displays a perfect Lorentzian line shape (see [18] for comparison). Below 1.8 THz, our fit uses three oscillators with the following parameters:
For the assignment of the different absorption lines we refer to density-functional calculations reported in [22, 23] . The overall suppression of T (ω) with increasing frequency is caused by phonons lying at higher frequencies [12] . We mimic their contribution in the fit with two oscillators located above 2.5 THz. Our results for the center frequencies ν 1 , ν 2 and ν 3 are in very good agreement with the data of different groups based on time-domain spectroscopy [12] [13] [14] [15] [16] [17] and with the result of Brown et al [18] for ν 1 and γ 1 based on a frequency-multiplier chain. Note that the published results on ν 1 vary from 525 to 532 GHz [18] and very different values have been derived from time-domain spectroscopy, e.g. center frequencies of 0.58 and 1.51 THz [11] , or a width γ 1 = 69 GHz [18] . The frequency dependence of the refractive index n has been reported by Fischer [12] on the basis of time-domain spectroscopy (see the inset of figure 6 ). The overall agreement with our result is very good; the absolute values agree within about 2%. This minor deviation is most probably due to uncertainties in the determination of the thickness d. The discrepancy above the absorption line at 1.369 THz is due to a phase jump, which has not been resolved in the time-domain data. In contrast, the results of [17] were obtained on a mixture of lactose and polyethylene, yielding a significantly smaller value of n and a reduced dispersion around the absorption lines. Finally, we would like to contrast our results with the characteristics of well-established tools for spectroscopy of solid-state samples. Compared to other cw terahertz sources such as backward-wave oscillators (BWOs) or electronic sources with frequency-multiplier chains, the photomixing technique provides significantly less terahertz power but offers a much broader tuning range and a better beam quality (see e.g. [24, 25] ). Using BWOs it is possible to cover the range from 36 GHz to 1.4 THz, but this necessitates the operation of about 12 different BWOs [24] . Fourier-transform spectrometers (Michelson type or Martin-Puplett type) span a very wide frequency range, for instance from the far-infrared to the UV (see e.g. [26, 27] ). The lower frequency limit of commercially available spectrometers typically is in the range of 200 GHz-1 THz, with a maximum resolution of approximately 2-10 GHz. The signal-to-noise ratio at such low frequencies is poor. Determination of the complex dielectric function can be achieved by ellipsometry or by placing the sample within one of the arms of the interferometer. However, in a conventional measurement of the reflectance or transmittance, in most cases only the amplitude is determined, while the phase information is lost. The complex dielectric function then can be determined by extrapolating the data and employing a Kramers-Kronig analysis.
Conclusion
We have demonstrated that cw terahertz spectroscopy based on photomixing is excellently suited to determine the dielectric function ε(ω) of solid-state samples in a broad frequency range (60 GHz-1.8 THz). Homodyne detection preserves the phase information, enabling us to determine both ε 1 (ω) and ε 2 (ω) (or equivalently n + ik) with high precision. Moreover, both the refractive index n(ω) and the sample thickness d can be determined independently, because the optical data yield both (n − 1)d and n × d. Using the high spectral resolution (order of MHz) of the frequency-stabilized DFB laser diodes, we scan an interference pattern in frequency in order to avoid mechanically moving parts such as a delay stage, resulting in an effective frequency resolution of about 0.5 GHz for ε(ω). We presented precise data for the three lowest absorption lines of α-lactose monohydrate, making use of the large dynamic range of the terahertz power of up to 90 dB. Using a Drude-Lorentz fit, we have shown that our results are Kramers-Kronig consistent. Thus coherent broadband cw terahertz spectroscopy based on photomixing is a reliable alternative to time-domain or all-electronic techniques for studies of solid-state samples.
